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Abstract
We prove a conjecture about the dimension of linear systems of surfaces of degree d in P3 through at
most eight multiple points in general position.
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1. Introduction
The ground field is assumed to be algebraically closed and of characteristic 0.
The aim of this paper is to evaluate the dimension of linear systems of surfaces of degree
d of P3 through at most eight multiple points in general position. The virtual dimension of the
system is the dimension of the projective space of polynomials of degree d minus the number
of conditions imposed by each point evaluated independently. The expected dimension is then
either equal to the virtual dimension or −1 (the latter occurring when the virtual dimension is
less than −1).
The dimension of the considered linear system is always bigger or equal than its expected
dimension. In case the dimension is strictly bigger than the expected dimension—which means
that the conditions imposed by the multiple points are dependent—the linear system is said to be
special.
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Harbourne–Hirschowitz conjecture [2,3] has been formulated in [4]. In the current paper we
provide a proof of this conjecture for the case of at most eight multiple points (in general posi-
tion).
The main idea in this paper is to extend a procedure introduced in [2] for the study of linear
systems of curves through at most nine multiple points on P2.
We start by using cubic Cremona transformations of P3 to transform a linear system L into
another one which is in “standard form.” The dimensions of the two systems, before and after the
transformation, are the same. The virtual dimensions on the other hand may be different and this
difference is measured by Proposition 3.2. This is a completely new phenomenon which does not
occur in P2.
Once the system L is in standard form its dimension is related with that of L|Qi , where
Qi ∈ |− 12KXi | is half of the anticanonical bundle of the blow-up of P3 along i points. This
allows us to evaluate the speciality of L (Theorem 5.3).
Using the results and techniques discussed in the current paper, we were also able to evaluate
the (non-)speciality, base point freeness and very ampleness of linear systems of P3 through
multiple base points on the anticanonical curve of the quadric [1].
In the next section we introduce the notion of standard linear system in P3. In Section 3 we
give a description of cubic Cremona transformations of P3 and their action on linear systems. We
discuss the speciality produced by (−1)-curves in Section 4 and Section 5 consists of the main
theorem and its proof. An appendix on a birational transformation from P1 × P1 to P2 can be
found in Section 6.
2. Preliminaries
We start by fixing some definitions and notation.
Let Z =∑mipi , with mi  0, be a zero-dimensional scheme of general fat points of P3. By
L = L3(d,m1, . . . ,mr) we will denote the linear system associated to the sheaf OP3(d) ⊗ IZ ,
where d is a non-negative integer. Given such a linear system L, by abuse of notation, v(L)
denotes the virtual dimension of the associated sheaf, i.e.
v(L) :=
(
d + 3
3
)
−
r∑
i=1
(
mi + 2
3
)
− 1.
In the same way we will denote by Hi(L) the ith cohomology group of the sheaf associated to L.
Let X π−→ P3 be the blow-up of P3 along {p1, . . . , pr}. By abuse of notation, L also denotes
the linear system |dH −∑miEi | on X, where H is the pull-back of a hyperplane of P3 and
Ei = π−1(pi). With 〈h, e1, . . . , er 〉 we denote a basis of A2(X) where h is the pull-back of a
class of a general line in P3 and ei is the class of a line of Ei . The notation  = 3(δ,μ1, . . . ,μr)
indicates a curve in X of degree δ through r points of multiplicity μ1, . . . ,μr or equivalently a
curve δh −∑ri=1 μiei of X. The intersection product L is to be intended always on X, i.e.
3(δ,μ1, . . . ,μr)L3(d,m1, . . . ,mr) = δd −
r∑
i=1
μimi.
In what follows we give some definitions in the same spirit as [2].
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m1  · · ·mr ( 0).
Let Si = L3(2,1i ) be a linear system of quadrics through 4 i  8 simple points.
Proposition 2.2. A linear system L= L3(d,m1, . . . ,ma) (with d and mi non-negative integers),
a  8, is in standard form if and only if there exist non-negative integers ci , i = 4, . . . , a, such
that L= S +∑ai=4 ciSi with S = L3(d − 2m4,m1 − m4,m2 − m4,m3 − m4).
Proof. Let a = max{i | mi > 0}, if a  3 there is nothing to prove, otherwise consider the system
L′ = L−Sa . Since L′ = L3(d−2,m1 −1, . . . ,ma −1) it follows that also L′ is in standard form.
Proceeding in the same way on L′, after a finite number of steps one obtains a linear system S
through at most three points. In this way one obtains that ca = ma and ci = mi − mi+1 for i < a
while L(i) = L−∑aj=i cjSj is given by L3(d − 2mi,m1 − mi, . . . ,mi+1 − mi). 
Let Q be a quadric, with LQ(a, b;m1, . . . ,mr) we will mean the system |OQ(a, b)| through
r general points of multiplicities m1, . . . ,mr .
Let Bs be the blowing up of P2 along s general points P1, . . . ,Ps , and πs :Bs → P2 the
projection map. By abuse of notation, we use L2(d,m1, . . . ,ms) to denote the linear system
of plane curves of degree d having multiplicities at least mi at Pi as well as its corresponding
complete linear system on Bs .
3. Cubic Cremona transformations of P3
In this section we focus our attention on a class of cubic Cremona transformations of P3.
Consider the system L3(3,24), by putting the four double points in the fundamental ones, the
associated rational map is given by:
Cr : (x0 : x1 : x2 : x3) 
(
x−10 : x−11 : x−12 : x−13
)
. (3.1)
This birational map induces an action on the Picard group of the blow-up X of P3 along the four
points which can be described in the following way:
Proposition 3.1. [4] The action of transformation (3.1) on L= L3(d,m1, . . . ,mr) is given by:
Cr(L) := L3(d + k,m1 + k, . . . ,m4 + k,m5, . . . ,mr), (3.2)
where k = 2d −∑4i=1 mi .
Observe that dim Cr(L) = dimL but in general the virtual dimensions of the two systems may
be different.
Proposition 3.2. [4] Let L= L3(d,m1, . . . ,m4) be a linear system such that 2d mi +mj +mk
for any choice of {i, j, k} ⊂ {1,2,3,4} then
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(
Cr(L))− v(L) = ∑
tij2
(
1 + tij
3
)
−
∑
tij−2
(
1 − tij
3
)
, (3.3)
where tij = mi + mj − d .
Corollary 3.3. Under the same assumptions of Proposition 3.2, if the degree of Cr(L) is smaller
than that of L, then v(Cr(L)) v(L).
Proof. The difference between the degree of Cr(L) and that of L is equal to k = 2d −∑4i=1 mi .
From 2d <
∑4
i=1 mi we deduce that, if t34  −2 then d − m3 − m4 < m1 + m2 − d which is
equivalent to −t34 < t12. The same holds for each tij such that tij  −2, hence the right-hand
side of Eq. (3.3) is non-negative. 
Now, let 3(δ,μ1, . . . ,μ4, β12, . . . , β34) denote the system of curves of P3 of degree δ with
multiplicities μi in the four points pi and intersecting the line lij through pi and pj along βij
points. The action of the birational map (3.1) on A2(X) can then be described as follows:
Proposition 3.4. [4] The image of the curve  = 3(δ,μ1, . . . ,μ4, β12, . . . , β34) by transforma-
tion (3.1) is Cr() := 3(δ′,μ′1, . . . ,μ′4, β ′12, . . . , β ′34), where
δ′ = 3δ −
4∑
i=1
2μi −
∑
i<j
βij , μ
′
r = δ −
∑
j 
=r
μj −
∑
{i,j}
r
βij ,
β ′ij = βks with {i, j, k, s} = {1,2,3,4}.
4. (−1)-Curves and special systems
Starting from the results of the preceding section it is possible to define a class of special
linear systems.
Definition 4.1. An irreducible and reduced curve C ∈  is called a (−1)-curve if  is obtained
by applying a finite set of Cremona transformations to the class 3(1,12), where all the applied
transformations are based on points in general position.
Example 4.2. Given six general points of P3 there exists a unique rational normal curve through
them. This curve is an element of 3(3,16) which may be obtained as Cr(3(1,04,12)), i.e. as
the Cremona transformation of a line through two points.
Proposition 4.3. Let L= L3(d,m1, . . . ,mr) be a linear system and 1, . . . , n be a set of (−1)-
curves such that iL= −ti −1 for i = 1, . . . , n. Then
dimL− v(L)
n∑
i=1
(
ti + 1
3
)
− h2(L⊗ I t11 ⊗ · · · ⊗ I tnn),
where with L⊗ I ti we mean the sheaf OP3(d) ⊗ IZ ⊗ I ti .i i
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By definition, each one of the i is given by a smooth curve Ci ⊂ X such that NCi |X ∼=
OP1(−1)⊕OP1(−1). Consider the blow-up Y p−→ X along the curves C1, . . . ,Cn, the exceptional
divisors are quadrics Q1, . . . ,Qn. From the evaluation of the tautological line bundle associated
to the blow-up of Ci and from the intersection CiL= −ti one obtains:
Qi |Qi ∼=O(−1,−1),
p∗L|Qi ∼=O(−ti ,0).
These formulas imply that tiQi ⊆ Bs(p∗L) and that
χ
(
p∗L)= χ(p∗L− tiQi)+ ti∑
k=0
χ
(O(k − ti , k)).
An easy calculation shows that the last sum is equal to
(
ti+1
3
)
, hence applying this procedure to
each one of the Ci one obtains:
χ
(
p∗L)= χ
(
p∗L−
n∑
i=1
tiQi
)
+
n∑
i=1
(
ti + 1
3
)
.
This, together with the fact that h0(p∗L) = h0(p∗L−∑ni=1 tiQi) proves the thesis. 
Example 4.4. The system L = L3(3,33) has v(L) = −11 while dimL = 0 since it consists
of three times the plane L3(1,13). For each line i through two of the three points, we have
L · i = −3, hence the speciality is greater then or equal to 3
(4
3
)− h2(L⊗ I31 ⊗ I32 ⊗ I33). So
the h2 is equal to 1.
The preceding proposition allows us to give an estimate of the speciality of a given linear
system L. In particular consider a system in standard form, then we have the following:
Proposition 4.5. Let L= L3(d,m1, . . . ,m8) be a linear system in standard form (with m8  0),
let ti := m1 + mi − d for i  2 and t1 := m2 + m3 − d , then the following holds:
h1(L)
∑
ti2
(
ti + 1
3
)
. (4.1)
Proof. Note that it suffices to prove the proposition on the blowing-up of P3 along the pi ’s. As
mentioned before, we will indicate by the same symbol L the strict transform of the linear system
L after blowing-up the points. For i = 2, . . . ,8, respectively i = 1, let li be the strict transform of
a line through p1,pi , respectively p2,p3. We say that the 1-dimensional scheme Γ =∑i∈I ti li
with I = {i: 1  i  8, liL= −ti < 0} is associated to L. By Proposition 4.3 it is sufficient to
prove that h2(L⊗ IΓ ) = 0.
In case t1  0, we have either t2  t3 > 0 or t2 > 0 and t3  0. Note that we do not consider
the case t2  0, because then the right-hand side of (4.1) is equal to zero and there is nothing to
prove.
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strict transform of the plane through the first three points and let Γ = Γ ′+Γ ′′ where Γ ′ = l2 + l3,
then one has the exact sequence
0 (L−H) ⊗ IΓ ′′ L⊗ IΓ (L⊗ IΓ )|W 0, (4.2)
where W ∈ |H⊗ IΓ ′ | is the strict transform of the plane through the first three points.
Claim 1. In the preceding sequence h2((L ⊗ IΓ )|W) = 0 and L −H is a system in standard
form unless L= L3(2m + t,m + 2t,m5,m7,m8), with 1 t m.
Observe that Γ ′′ is associated to L−H, since this system is equal to L3(d−1,m1 −1,m2 −1,
m3 − 1,m4, . . . ,m8). So, if L−H is still in standard form, then after sorting the new multiplic-
ities we can proceed by induction on the length of Γ ; once we obtain a system L¯ for which the
associated Γ¯ is empty, we know that h2(L¯) = 0.
Suppose now that L−H is not in standard form, then the system must be the one of the claim.
The worst possibility is that m7 = m8 = m, so we fix our attention on the system L3(2m + t,
m + 2t,m7). By abuse of notation, we still call this system L. Applying sequence (4.2) one
time we obtain the system L−H= L3(2m + t − 1,m + 2t − 1, (m − 1)2,m5). Now, let H1 =
L3(2,2,15) be the strict transform of the quadric cone through the point of multiplicity m+2t−1
and the five points of multiplicity m and let W1 ∈H1, L1 = L−H, and Γ1 = Γ ′1 +Γ ′′1 with Γ ′1 =∑8
i=4 li and Γ ′′1 = (t − 1)
∑8
i=2 li . Observe that Γ1 is associated to L1, while Γ ′′1 is associated to
L1 −H1. The last system is equal to L3(2m′ + t ′,m′ +2t ′,m′7) where m′ = m−1 and t ′ = t −1,
hence by using sequence (4.2) with H1 instead of H and by the following
Claim 2. With the preceding notation h2((L1 ⊗ IΓ1)|W1) = 0,
we can use induction on t to prove that h2(L⊗ IΓ ) = 0.
If t1  0, t2 > 0 and t3  0, then Γ = t2l2 and one can use the strict transform of a general
plane through the first and the second point.
In case t1 > 0, one can use the strict transform of the plane through the second, third and
fourth point and an analogous procedure to prove the statement.
We omit the arguments of both these last cases because they are similar but easier since the
exception in Claim 1 does not occur. 
Proof of Claim 1. First of all observe that (L⊗ IΓ )|W can be split up into the fixed part t2l2 +
t3l3 and the remaining linear system
L2(d − t2 − t3,m1 − t2 − t3,m2 − t2,m3 − t3).
Since d − t2 − t3 = (d −m1)+ (2d −m1 −m2 −m3) 0 the H 2 of this linear system vanishes.
The sequence of multiplicities of L−H is
m1 − 1,m2 − 1,m3 − 1,m4, . . . ,m8
and the degree is d − 1. This means that the system L −H is standard if at least m1 − 1 and
m2 − 1 are between the biggest four multiplicities. If this is not the case then m2 − 1 < m6
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we have that 2(d − 1) < m1 − 1 + 3m, but we also know that 2d  m1 + 3m and this implies
that 2d = m1 + 3m. Let t = t2 = · · · = t6, then the preceding equation gives m1 = m + 2t and
d = 2m + t . 
Proof of Claim 2. The blow-up of a quadric cone along the vertex is an F2 surface, hence W1
is a blow-up of an F2 surface along five points. A basis for the Picard group of W1 may be
written as 〈f, c, e1, . . . , e5〉 where f 2 = 0, f c = 1, c2 = −2 and the ei are (−1)-curves of the
blow-up. With this notation, the hyperplane section of W1 is given by c + 2f (it is very ample
outside c which is contracted to the vertex of the cone). Instead of the system L1 we can consider
|(2m+ t −1)H − (m+2t −1)E−∑5i=1 mEi |, since the two exceptional divisors of multiplicity
(m − 1) have no intersection with W1. In this way we have:
(L1 ⊗ IΓ1)|W1 = (2m + t − 1)(c + 2f ) − (m + 2t − 1)c −
5∑
i=1
mei −
5∑
i=1
t (f − ei)
= (m − t)c + (4m − 3t − 2)f −
5∑
i=1
(m − 1)ei .
Since t  m this implies that both the coefficients of c and f are non-negative (unless m =
t = 1, but in this case L= L(3;3,17) and the claim follows) and this, by adjunction, implies the
vanishing of the H 2 of this divisor. 
5. Linear systems through at most 8 points
In what follows we will denote by L a linear system of type L3(d,m1, . . . ,m8) in standard
form (with m8  0), according to Proposition 2.2 we can then rewrite L as S +∑ai=4 ciSi for
some ci  0.
Lemma 5.1. A linear system L3(d,m1,m2,m3) (with d and mi non-negative) is empty if and
only if there exists i ∈ {1,2,3} such that d < mi .
Proof. One part of the proof is trivial, since there are no surfaces of degree d with a singularity
of multiplicity greater than d . On the other hand, if all the mi are equal to d , then the system
L3(d, d3) is non-empty since it contains d times the plane L3(1,13). 
Lemma 5.2. If L is as above and d m1 then h1(L|Qa) = 0 and h0(L|Qa) > 0 where Qa ∈ Sa .
Proof. The system on the quadric L|Qa = LQa(d, d,m1, . . . ,ma) is equivalent (by (6.1)) to
L2(2d − m1, (d − m1)2,m2, . . . ,ma). This is a plane system through at most 9 points. First of
all we want to see if it is possible to put it in standard form (i.e. a plane Cremona transformation
cannot decrease its degree). Observe that the three biggest multiplicities may be: {d − m1, d −
m1,m2}, {m2,m3, d − m1}, {m2,m3,m4}. In the first and third case it is obvious that 2d − m1
is greater than or equal to the sum of these multiplicities (since the system L is in standard
form). In the second case the inequality 2d − m1  d − m1 + m2 + m3 is true only if d 
m2 + m3, so we may assume that d = m2 + m3 − t where t  1. After applying a Cremona
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where d ′ = 3d − m1 − m2 − m3, m′1 = d − m3, m′2 = d − m2, m′3 = 2d − m1 − m2 − m3.
The biggest multiplicities of this system are {d − m3, d − m2, d − m1} since d − m1 m4 by
assumption and 2d − m1 − m2 − m3 = d − m1 − t < d − m1. This implies that the system is in
standard form (d ′ = d − m3 + d − m2 + d − m1).
So we proved that after a quadratic transformation of P2, the system L2(2d −m1, (d −m1)2,
m2, . . . ,ma) becomes M which is in standard form. By [2] this implies that h0(M) > 0. The
intersection M.K
P˜2 = −4d + m1 + · · · + ma , where P˜2 is the blow-up of P2 along the a + 1
points, is non-positive, so h1(M) = 0 (by [2]). 
Theorem 5.3. The dimension of a linear system L= L(d,m1, . . . ,ma) (with a  8 and ma  0)
which is in standard form is given by
dimL= v(L) +
∑
ti2
(
ti + 1
3
)
,
where t1 := m2 +m3 − d and ti := m1 +mi − d for i  2. In particular we see that such a linear
system L is special if and only if d m1 + m2 − 2.
Note that this theorem implies that, for standard linear systems through at most 8 multiple
points, speciality only comes from lines (through two of the points) which are contained at least
two times in the base locus of the linear system. One can easily see that if more than 8 multiple
points are allowed this is no longer true. There are a lot of counterexamples, e.g. L3(4;29) for
which the virtual dimension is negative, but the system is non-empty since it contains the double
quadric through the nine points.
Proof. Since L is in standard form, by Proposition 2.2 it can be written as L= S +∑ai=4 ciSi .
We will distinguish two cases:
If S 
= ∅ it follows immediately that h0(L) > 0 since the system may be written as a sum of
effective ones. In order to see that h1(L) = h1(S), consider the exact sequence:
0 L′ − Si L′ L′|Qi 0, (5.1)
where L′ is obtained from L by subtracting some of the Sj . The degree of L′ is greater than
or equal to its first multiplicity, otherwise it would be empty but this is not possible by the
assumption on S . By Lemma 5.2 h1(L′|Qi ) = 0, which implies that h1(L′) h1(L′ − Si ). This
gives the following
h1(L) h1(L− Sa) · · · h1(S).
The speciality of S may be given only by the lines 〈pi,pj 〉 with 1 i < j  3 if δ  μi +μj −2.
From the equality d − mi − mj = δ − μi − μj one has the same speciality also for L and this
implies that h1(L) h1(S).
From Proposition 5.1 we know that S = ∅ if and only if the degree of the system is less
then one of its multiplicities. By Proposition 2.2 this means d − 2m4 < m1 − m4. Recall that
t4 = m1 + m4 − d , since L is in standard form the inequality 2d = d + m1 + m4 − t4  m1 +
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i 
= j . So the speciality of L coming from lines is due only to 〈p1,pi〉 with i  2. Recall that
ti = m1 + mj − d and let b = max{i | ti  1}. Observe that by definition ti − tj = mi − mj and
that b 4. By Proposition 4.5 we have the following inequality:
h1(L)
b∑
i=2
(
ti + 1
3
)
. (5.2)
Consider the system
Nb = S +
b−1∑
i=4
c1Si + (tb − 1)Sb,
We now use the following:
Claim 3. Under these assumptions, h0(Nb) = 0 and h1(Nb) =∑bi=2 (ti+13 ). Furthermore, if d ′′
and m′′1 are, respectively, the degree and the first multiplicity of the systemNb +Sb then d ′′ = m′′1 .
Consider the exact sequence
0 Nb Nb + Sb Nb + Sb|Qb 0,
by Claim 3 and Lemma 5.2 we know that h1(Nb + Sb|Qb) = 0, this implies that
h1(L) h1(L− Sa) · · · h1(Nb).
This together with Lemma 5.2 and inequality (5.2) implies that h1(L) =∑bi=2 (ti+13 ). 
Proof of Claim 3. The system Nb is given by L3(d − 2mb + 2tb − 2,m1 − mb + tb − 1,
. . . ,mb−1 − mb + tb − 1, tb − 1). So d ′ = d − 2mb + 2tb − 2 = m1 − mb + tb − 2 = m′1 − 1
implies that h0(Nb) = 0 and h1(Nb) = −χ(Nb). The last quantity is
χ(Nb) =
(
d ′ + 3
3
)
−
(
m′1 + 2
3
)
−
b∑
i=2
(
m′i + 2
3
)
.
Since d ′ = m′1 −1 the first two terms vanish and from m′i = mi −mb + tb −1 = ti −1 one obtains
χ(Nb) =∑bi=2 (ti+13 ) which proves the first part of the claim. For the second part observe that
d ′′ = d ′ + 2 and m′′1 = m′1 + 1. 
All these results may be summarized in the following procedure which allows us to evaluate
the dimension of a linear system and its speciality.
Remark 5.4. Take a linear system L= L3(d,m1, . . . ,m8) and let v := v(L).
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and mi > 0} (or equal to 0 if all mi < 0) and redefine L as L3(d,m1, . . . ,ms,0r−s). Go
to step (2).
(2) If d < 0 or d < m1, then L is empty and we are done; otherwise go to step (3).
(3) If 2d − m1 − m2 − m3 < 0 remove the plane H through the first three points, redefine L as
L−H and go to step (1); otherwise go to step (4). Note that, as proved in Claim 4 below,
the condition 2d − m1 − m2 − m3 < 0 implies that the plane H is a fixed component of L,
which lets us conclude dimL= dim(L−H).
(4) If 2d −m1 −m2 −m3 −m4 < 0 make a cubic Cremona transformation, redefine L as Cr(L)
and go to step (1); otherwise go to step (5).
(5) Evaluate dimL with Theorem 5.3.
Claim 4. A linear system L2(d,m1,m2,m3) with d m1 m2 m3  0 on P2 is empty if and
only if 2d < m1 + m2 + m3.
Proof. Let s1 := max{0,m2 + m3 − d}, s2 := max{0,m1 + m3 − d} and s3 := max{0,m1 +
m2 − d}. Let h1 be the line through P2 and P3, h2 the line through P1 and P3 and h3 the
line through P1 and P2. Then s1h1 + s2h2 + s3h3 must be contained in the base locus of
L2(d,m1,m2,m3). So, obviously, if s1 + s2 + s3 > d then the linear system is empty. Note
that s3  s2  s1. One easily checks that s1 + s2 + s3 > d cannot occur if s3 = 0. For sim-
plicity, we will now focus on the case s3 > 0, since the other cases are similar but easier.
In this case we see that s1 + s2 + s3 = 2m1 + 2m2 + 2m3 − 3d , so s1 + s2 + s3 > d oc-
curs if and only if 2d < m1 + m2 + m3. This means we already proved that the linear system
is empty if 2d < m1 + m2 + m3. Conversely, if 2d  m1 + m2 + m3, L2(d,m1,m2,m3) =
s1h1 + s2h2 + s3h3 + L(4d − 2m1 − 2m2 − 2m3, (2d − m1 − m2 − m3)3), which is obviously
non-empty. 
6. Appendix on a birational map P1 ×P1  P2
In this section we consider a birational map ϕ :P1 ×P1  P2 given by blowing up a point on
the quadric and contracting the strict transforms of the two rulings through the blown up point.
In this way it is possible to give a correspondence between linear systems through fat points
in general position on the quadric and those on the projective plane. Let us consider a linear
system LQ(a, b;m), i.e. a system of curves on the quadric Q of kind O(a, b) through one point
p of multiplicity m. Blowing up the quadric at p, the strict transform of the preceding system is
given by af1 + bf2 − mep , where f1, f2 are the pull-back of the two rulings of Q and ep is the
exceptional divisor of the blow-up Q˜. A base change in Pic(Q˜) allows us to write this divisor as
(a+b−m)(f1 +f2 − ep)− (b−m)(f1 − ep)− (a−m)(f2 − ep). Since the divisors fi − ep are
(−1)-curves, they can be contracted giving a linear system on P2 of degree a + b − m through
two points of multiplicity b − m and a − m. This implies that the map ϕ induces the following
correspondence:
LQ(a, b;m,m1, . . . ,mr) ←→ L2(a + b − m,b − m,a − m,m1, . . . ,mr). (6.1)
It is an easy computation to verify that the virtual dimensions of the two systems are the same.
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